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Abstract-Equations of a hydrodynamical model in layered structures are studied. A linear initial 
boundary value problem on stability of shock waves in layered structures is formulated. Ill-posedness 
of this problem is proven, thus instability of shock waves for chosen model of layered structures is 
shown. @ 2004 Elsevier Ltd. All rights reserved. 
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1. INTRODUCTION 
Stability of shock waves in the so-called layered structures is studied in this paper. With this 
end, a linear initial boundary value problem is constructed by linearizing nonlinear equations of 
a hydrodynamical model in layered structure and nonlinear relation on strong shock. To answer 
the question on stability of shock waves, we use the trick from [l]. Applying the “equational” 
approach, we study well-posedness of the mentioned linear IBVP (initial boundary value prob- 
lem). In this paper, we are able to prove ill-posedness of such a problem. From a physical point 
of view it means instability of strong shock for the considered hydrodynamical model of layered 
structure. 
2. PRELIMINARIES 
Now we briefly describe a mathematical model which we recently suggested in [2] for description 
of layered structures, formed of water, gas, and oil mixture. The hydrodynamical model of such 
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layered structures is based on equations written in the divergent form: 
pt + div(pv) = 0, 
(pc)t + div(pcv) = 0, 
bib + P,; + ~(Wk - aik)zk = 0, i =.1,2,3, 
k=l 
(ps)t + div(psv) = 0, 
(2.1) 
Here p is the layered system density, 
v = (WI, wz, ws), media velocity vector, lv12 = (v, v), 
c, mass gas concentration, 
p, pressure, 
5, entropy, 
Ee, mass inner energy; 
stress tensor C?&, the vector Q = (Qr , Q2, Q ) s are described below. System (2.1) is completed 
with an equation which was deduced in the following way. To characterize the layers which follow 
each other along the axis z(= ~cs), we explicitly describe a distinguished element of the layered 
structure, a surface in the space with the coordinates ~1,22,23 (5, y, z): 
w(x, t) = ca, x = (~1,~2,~3), 
where the parameter c, identifies layers. The surface equation can be rewritten in the form: 
x = x(u, t, c,). 
Here u = (211,~~) are the coordinates on the surface c,. So, 
and 
(2.2) 
is the needed equation, additionally 
ax 
v = dt “,& 
v is the media velocity vector (see above). With account of the first equation in (2.1), equa- 
tion (2.2) can be rewritten in divergent form 
(pw)t + div(pwv) = 0. (2.3) 
To (2.1),(2.3), we add the first thermodynamic law, which in the case of layered structure has 
sufficiently complicated form: 
d&O=TdS--pdv+v (f,db)+Zdc+m~dB,+(E,da) 
i 
, (24 
k=l 
where T is temperature, V(= l/p) is specific volume, 
b = (h, b2, b3) = VW, B =!?I! k a22 , 
k 
Eo=eo+VEo, e0 = e0(V, s, cl, 
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a ((b, a)” - lb121a12) + aq, + 24: (2.5) 
is elastic energy of deformable layered structure (see [2]); B, N, cy(> 0) are constants, 
4s = qs(V, ) . d s IS ensity of structure layers, 
u = g(c) is surface tension, 
a= (uI,u~,u~) =Vc, 
f = (fl, f2, f3), 
bk f a(0”2 ((b,a)ak - lal’bk) + aq 
4: 
s 
Z = p(eO)c + 7 
s ((b,42 - lb12/a12) + o’qs (F - 1) , 
E = (Jl,E2,<3), tk = 9 ((b, a)bk - Ib12ak) , 
s 
T = (eo)s + V(Eols, 
p = -(eO)v - EO - V(Eo)“, 
C: = p, = -V2pv = V2(e0)vv + 2V2(Eo)v + V3(Eo)vv 
is the squared sound speed (see [1,3]), 
(2.6) 
(2.7) 
(Eo)v =-(qs)v ,{;(y-,,ib,2+N(gBk)2 
+ 4~‘)~ (h aI2 - lb12b12) + c. (qsJv (2 - 1) , 
(Eo)vv = &!$ 
s -7) {; (y-l) ,bi2+N(gBk)2 
(q;vv 
+ a(~‘)~ ((b, a)2 - lb121a12) + BIbi 9 
3 
and so on. With these notations in mind, stress tensor 8il;, components of the energy flux Q are 
written as follows (see [2]) 
bik=bi (-fkfz) -CQ&-@Bik, 
Qk = (PV + Eo + !$) P% + (fk - g) (b, v) + &(a, V) + @ 5 (viBki + bl 2) , 
l=l 
d2W 
&l, = ~ 
ih&& ’ 
i, k = 1,2,3. 
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We note that any equation in (2.1),(2.3) (f or example, energy conservation law) is consequence 
of the rest equations. 
On smooth solutions to (2.1),(2.3) we can obtain nondivergent equations instead of divergent 
ones. After simple, however cumbersome, calculations we arrive at 
$+pdivv=O, 
dw 0 -g-=, 
ds 
-g =o, 
dc 
x =o, 
(2.8) 
i = 1,2,3. 
Using (2.6), we can replace the first equation in (2.8) by the equation for pressure p 
dp z+pcf divv=- 
Here 
(Eo)vbk = -Jy {Bpg-l)b* 
+ 2Q Cd2 ((b, ah - la12bk) 
(Eo)va, = -2 @$ &, 
(Eo)vB~ = -2 @$ @. 
Expressions for derivatives $$, $, %, can be found with the use of 
dw -=() dc 
- = -(b, V)v Tb x rot v, 
db 
z= 
0: 
dt 
rot b = 0, b = VW, 
da 
-=-(a,V)v-axrotv, 
dt 
rot a = 0, a=Vc, 
z=-2($,+/c-(b,$). 
3. LINEARIZATION OF EQUATIONS 
FOR LAYERED STRUCTURE 
The equation for layered structure from previous section has a simple solution (we will call it 
basic solution) 
P = it s = 8, c = e, 211 = 81, 212 = 62, v3 = 0, 
n A w = w = qsz, &=4.3 Q,s , ( > 
p= ;, 
P 
(3.1) 
where b, 8, 6, 61, 62 are constants. 
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Linearizing (2.1),(2.3) with respect to (3.1) ( small perturbations of the sought values have the 
same notation), we obtain 
ip + @s div v - B? 2 = 0. 
3 
(3.2) 
Here 
2=;+o,-&+ij2&: 
1 
p=1-B-jl, &g P aqs 
PC? 
? = Y (A 3 ? 
Y=Gdpy 
6 = CT (2) ) 
a,=&+: 
f3 + 
Z’ 
A=Al+& 
3 
c = -7 
1 
^^ *2 
-&O)&fPJf~ 1 
P PC, 1 
ir = N (F, S) ) (49)s 
(3.3) 
px=-----, 1” = 1 - &2, 
(60)~~ = (e0):: (v, & E) , 
(CO)~~ = (eOlvs (Q, 6 e) l 
~“23 = { (e^o)vv + BbT2} (see (2.7)), 
(60)~” = (eOjvv (9, &z) 
REMARK 3.1. While deducing (3.2), we have used the expression which is a linear analog of 
relation (2.6) 
p = -j2@’ + (B+” N - (80)vs) s - (Eo)v,c - F g. 
9 
(3.4) 
Besides, (3.3) implies 
Turning back to (3.2), we note that in practice it is convenient to use its dimensionless form. 
With this end, we introduce into consideration new depending and independent variables 
Xi xi = -, i = 1,2,3, t’ = C”t, 
20 ZO 
W 
WI=-;--, S’ = s r, C’ = c 67 
qszo s C 
+~, i = 1,2,3, 
CS 
p' = p 
PC?' 
V’ = /w, 
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where z. > 0 characterizes thickness of the film. Finally, (3.2) turns into (primes are omitted) 
Lw + 213 = 0, 
Ls = 0, 
Lc = 0, 
Lp+divLv+p$ =O. 
3 
Here 
Two equations for v3, p are easily derived from (3.5). Indeed, we act by the operator L on the 
sixth equation in (3.5) 
a%3 
L%3 - lxi2 yj-g - CAlv3 + fiA2v3 + /3 dz = * a(LP) 0 . 
3 3 
(3.6) 
The fourth, fifth, and the last equations in (3.5) imply 
L(divl V) + Alp = 0, i.e., 
L’P-&P+PF . A WV31 = 0 
3 
(3.7) 
REMARK 3.2. Relation (3.4) in dimensionless form is 
where 
p=-V+Rls-R24~, 
3 
(3.8) 
4. STRONG DISCONTINUITIES IN LAYERED STRUCTURES 
Equations of strong o&continuities for (2.1),(2.3), written as conservation laws, can be easily 
deduced with the use of standard reasoning (see [3]): 
[p(vn - ad] = [A = 0, 
Awl = 0, 
j[cl = 0, 
j[%] + [PI = 0, 
&I - [(G T)l = 0, 
(4.1) 
j &o + fl + [g] = 0. [ 1 2 
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Here f = f(t, y, 2) - x = f(t,xi,zz) - zi = 0 is the strong discontinuity surface equation, 
n = (nl,n2,n3) = (l/J1 + f:, + fq) (-1, fzzi fz3) is th e unit normal to strong discontinuity 
surface; 
[j] = (j - jm) is th e jump of j on the surface of strong discontinuity, additionally, j, is the 
value of j on the left side of the discontinuity (i.e., at f(t, 52,~s) - z3 + +O); 
v, = (v, n), 21, = (v, 71, 
Dn = -.ftlJl + f:, + f;c2, is the projection of movement velocity of strong discontinuity sur- 
face on n, 
{ 
(.fZ2,1> 01, 
7-= 
(fQ,O>l) 
are vectors, orthogonal to the normal n and place on the plane, tangential 
the strong discontinuity surface; 
p=p-(C~n)=~+’ 5 B+,k,in,+b,(fn-g) +ancn, 
i,k=l 
C = ((6,n) I (a2,4, (@3,4), 
@i = (*il,CTi2,8i3), i = 1,2,3, 
b, = (44, fn = (f,n), an = (a, 4, & = C&n), 
-cc, T) = @ 5 &rink + b, (fn - g) + a&, 
i,k=l 
b, = (b), a, = (a,~), 
g=~vn'~~~~)+ui(f~-~)+~~~~+~~~~B~~n~~~, 
vb = (V, b), vu = (v,a), g = (n,V)v. 
In the sequel, we will study strong discontinuities of shock wave type (see [3]), i.e., when 
[PI # 07 
We consider a stationary movement of the layered structure with a surface of strong discontinuity 
called the shock wave. That is, for example, the piece-wise solution: 
v = (G,C2,0), P = b, s = 8, c = 2, 
w = &z, 69 = 4s(K 217 += ;, at xi > 0, 
P 
v = (Gm,~2co,O) 1 P=Pm, s = so3, c=cm, 
(4.2) 
the constants Gi, &, P, s^, E, &, &,, C2m, Po3, i,, &, and Gsrn are related by (4.1) on the 
immovable shock wave (with the equation zi = 0): 
(4.3) 
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(4.3)(cont.) 
where Ij = -(Cc),, so0 = -(eo),,, 60 = eo(V, 8, e), (SO)~ = eo(pm, Zoo,&), (60)~ = (ec@, 
2, t), (&o)~~ = (e0),(rioo, L zoo). 
We suppose that the state equation 
e0 = e0(K s, c) 
satisfies the requirements for the so-called normal gas by variables V and s (see [3]). As known 
in this case the following inequalities which characterized the piece-wise solution (4.2) are valid: 
Gcu > LxJ, 0<6,<&, 
I;>l;m >o, c>bx >o, (4.4 
L? > 51, B > 2,. 
Here b,, = cz%dvvm > l/2, 6, = (P2(S&J r12. Thus, from the physical point of view, the 
above described piece-wise solution to equations of the layered structure means that we have a 
strong shock wave which separates the supersonic stationanJ running flow (the Mach number in 
front of the shock wave &fr, = ($&,/&,) > 1, see (4.4)) and subsonic stationary flow behind 
the shock wave (the Mach number behind the shock wave fir = (Gr/&) < 1, see (4.4)). 
If we linearize (2.1), (2.3), and (4.1) with respect to the piece-wise solution (4.2) and put 
them into dimensionless form we finally come to the linear IBVP on stability of the shock wave. 
With the following two remarks, the linear IBVP from above can be simplified. Since a small 
perturbation of the mass gas concentration satisfies the problem 
Lc = 0, 
L,c, = 0, 
c=co5, 
at xi > 0, 
at 51 < 0, 
at 21 = 0; 
(4.5) 
where 
a a d 
L,=k,at+M~cc,-++2,-, 
ax:, ax2 
k,&, 
LO 
Ml, = T---& 
62al 
CSCO 
M200 = -r--&T 
c,(t, x) is a small perturbation of gas concentration at xr < 0; then, without the loss of generality, 
we can assume that 
c(t, x) = 0, at 21 > 0, 
ccx,(t, x) SE 0, at 21 < 0, (4.6) 
(at zero initial data the solution to (4.5) will be zero too). Since a small perturbation of entropy 
at xr < 0 satisfies the equation 
L lxsca - 0, 
in the same manner without the loss of generality we will assume that 
s,(t, x) f 0, at 51 < 0, (4.7) 
because the equation on s, does not require boundary condition at xi = 0 and has zero solution 
at zero initial data. 
With these remarks in a view, the linear IBVP on stability of shock waves is formulated as 
follows. 
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The main problem on stability of shock waves. We seek the solutions to the system 
Lo3w03 + v3, = 0, 
LM71& + - = dPc0 0 
axi ’ 
i = 1,2, 
Lp, + divl v, + boo 
av3cm 
- = 0, 
3x3 
t > 0, XER3; 
Lw + 213 = 0, 
Ls = 0, 
LVi + -g = 0, i = 1,2, 
% 
SW 
Lv3~b~=~A2w-itX2~-aA~w+i:~, (4.9) 
3 3 3 
Lp+divlv+fi$ =O, 
3 
t > 0, xd.$; 
satisfying the boundary conditions at t > 0, xi = 0, (x2,x3) E R2, which are obtained by 
linearization of relations (4.1) 
bJ1 = 0, 
l+M,z MIRI ~ - 
%+ 2Ml ‘- 2 
f&+p+&b, -RIS , 1 I 
l+M,2, 
+ 2M1, Pcu + 
W&&x b 
2 
7~2 - -v2m = i-z,, 
km 
(4.10) 
3ere 
M,2 .+A + -r$W3 - L {Cl+ Ml,Mlkm) pa ec 
111: . 
+ (Ml, + Mlk,) wlm} - 1 B,=y,b3, = 0. 
Rw”+ = {x 1 x1 > 0, (223x3) 6 R2>, 
Iw”_ = {x / Xl < 0, (x2,23) E 1w2}, 
F = F(t, xi, ~2) is a small perturbation of the discontinuity front, 
61 = i&/i&,, 
It is necessary to add initial data at t = 0 to (4.8)-(4.10). 
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REMARK 4.1. Formulation of IBVP (4.8)-(4.10) admits the case when the constants B, N in (2.5) 
experience a jump on the strong discontinuity. 
REMARK 4.2. With the Gallilei transform, problem (4.8)-(4.10) can be simplified 
t’ = t, x; = x2 - M,t. 
Finally, the operators L, L, in (4.8),(4.9) take the form (primes are omitted) 
the aggregate (Ft + M2Fz,) in (4.10) turns into Ft. 
5. ILL-POSEDNESS OF PROBLEM (4.8)-(4.10) ON STABILITY 
OF SHOCK WAVES IN LAYERED STRUCTURES 
In this section, we will prove ill-posedness of the above formulated linear IBVP (4.8)-(4.10) 
with the help the Hadamard type examples (see [l]). F rom the. physical point of view, existence 
of such examples means instability of shock waves in layered structures. 
According to the standard technique, we will construct the Hadamard type examples with the 
help of special exponential solutions to (4.8)-(4.10) (h ere and after we consider .2-D variant of 
the problem). Strictly speaking, solutions to (4.8) are sought in the form: 
to system (4.9) 
WCC 
~100 
u3cc 
PO0 
W 
S 
W 
‘u3 
P 
(4 x, 2) = 
(t, x, z) = 
WCU 
V 1’X 
km 
pm 
W 
S 
6 
v3 
P 
exp{n(rt + rx + iz)}, x < 0, 
exp{n(rt + RX + iz)}, x > 0. 
(5.1) 
(5.2) 
Here W, S, Vl, V3, P, W,, Vl,, V3,, Pm, 7, r, R are constants; moreover, 
Re T > 0, Re T > 0, Re R < 0; (5.3) 
n > 0 is an integer. A small perturbation of the discontinuity front we seek in the form 
F(t, z) = Fo exp{n(rt + iz)}, (5.4) 
where Fe is a constant. Substituting (5.1) into (4.8), we obtain a linear algebraic system to 
determine W,, V&, V3car P, 
(5.5) 
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Here r?i, = nW,, 
System (5.5) has nontrivial solution if det A, = 0, i.e., 
fim(r + l)2(r - 1)2 (iW - r) (iW + 7.) 
= &2 112, 
-t ( 
r2 _ l2 03 -&)-(i2,-r2)(Bm;\~-Cmr2)}. 
(5.6) 
Treating (5.6) as an equation on r, we find the roots with the needed property: Re r > 0. Later 
we assume that n is a large number, r is known and can be expended into a series: 
7 = ro + &71 + ‘. , Re 70 > 0 
Let I’?~ > 0. Then two cases are possible 
(4 MI, 2 1, 
(b) MI, < 1. 
In Case (a) (5.6) has two roots with the needed property 
7-1 = 1 + sril) + . . . , 
r-2 = 1 + 0-p) + . . , 
where r If; = +/a, 
In Case (b) (5.6) has three roots with the needed property: rr, r2 (see (5.7)) and 
kx,ro 7-g = - 
M 
+ m$l) + .. 
loo - 1 
(5.7) 
(5.8) 
Here ril) = -kmn/(Mlm - 1). 
REMARK 5.1. MI, = filo3~oo and A, < 1 (see Remark Xl), then for Case (a) hico > 1 is 
fulfilled (see (4.4)). In Case (b) fi loo > 1 is fulfilled if 1 < &?I, < l/i,. 
Substituting (5.2) into (4.9), we obtain a linear algebraic system to determine W, S, VI, V3, 
and P 
W-9 
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where T?/’ = nW, 
4 = if’ (R2 - 1)2 + Bi2s2 - 3R2~2. 
System (5.9) has nontrivial solution if det A = 0, i.e., 
i(&(R + 1)2(R - 1)2 (i- R) (i+ R) 
- &2 l2 R2 ( ( -“-b2)-(1’-R2) (B;\“-5R2))}=0. 
(5.10) 
Treating (5.10) as an equation on R, we find four roots with the needed property (fi > 0, Ml < 1 
(see (4.4))) , 
R. = -& 
RI = -1 + ER!~) + . . . , 
R2=-1+eR;)+... , 
(5.11) 
X= 
p (1 - f2 - $2) - (f2 - 1) (g;\z - 5) 
4fi (P - 1) 
, ~=T~-M~. 
Taking reasoning from above into account, we finally seek a special solution to (4.8)-(4.10) in 
the form 
(in Case (b)) we sum by k = 1,2,3), 2 < 0, 
i 
W 
s 
Vl 
213 
P 
(t, x,2) = exp{n(rt + iz)} (5.12) 
F = FO exp{n(rt + iz)} 
To find constants *E’, V/z, V$z, Pg’, e(O), S(O), I@(j), V,(j), V,(j), P(j), Fo, k = 1,2 (in 
Case (b) k = 1,2,3), j = 1,2,3 we have a linear algebraic system of 21 (24, for Case (b)) 
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equations. We see that this system is underdetermined (the number of unknowns is larger than 
the number of equations); it always has nontrivial solution (see [4]). Thus, we have constructed 
a nontrivial special solution to (5.12). As known, this fact means (see [l]), that we prove ill- 
posedness of the linear IBVP (4.8)-(4.10) and, consequently, instability of shock waves in layered 
structures. 
APPENDIX 
Here we deduce a variant of the main problem provided that fia = 0. We rewrite (4.8) as 
follows: 
Am(Uco)t + & Bks,(Um)z~ + rca = 0. C-4.1) 
k = 1,2,3, 
M 103 0 0 1 
R 103 0 MI, 0 0 = 
0 0 Ml, 0 
1 0 0 Ml, 
0 0 0 0 
R 2KJ= i 
0 0 0 1 
0 0 0 0 i ’ 
0 1 0 0 
00 0 0 
R 
00 0 0 
3m= 
3~,,3~~ = Oq, here 04 is a zero matrix of order 4, 
A,, 3100 are diagonal-wise matrices. 
We multiply (A.l) by 2U, and arrive at 
(A.4 
We integrate (A.2) over JR! 
dJ(t) 
where 
dt + {(Uw, B1,Um) + 2~mwmblm) L=o +2 J ~~~~~ dx = 0, (A.31 R3 
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While deducing (A.3), we have assumed that IV,1 -+ 0 if 1x1 + 0. Let Mi, = fii,i, 2 1, 
Mfm 2 a,. Then 
and (A.3) implies 
i.e., 
J(t) 5 eKotJ(0). (A.4 
Here Kc > 0 is a constant. It follows from (A.4) that if U, G 0 at t = 0, then U, E 0 (x < 0) 
for all t > 0. 
In a view of this fact, we rewrite (4.8)-(4.10). 
Another Variant of the Main Problem (4.8)-(4.10) 
We seek the solution to (4.9) which satisfies the boundary conditions deduced from (4.10) 
w = 0, 
Ft = %, 
CL 
VI + dMlp = 0, 
~2 = Pz, , 
(M; - 5) bl + fiAbl + Ml/IF,, = 0, 
s = up, 
(4.10’) 
where v = ,B2P/(2M1(D - (M1R1ji/2))), ,@ = 1 - MF, Mid = (l+ Mf)/2Ml - (MlR1/2)v, 
~1 = Mf ((1 - d - Riv)/~i). Problem (4.9),(4.10’) can be slightly simplified. Indeed, instead 
of (4.9) we will have 
(A.51 
Boundary conditions (4.10’) for system (A.5) can be rewritten as follows 
w = 0, 
s = up. 
Results on study of problems (A.5), (A.6), and (4.8)-(4.10) at fia = 0 will be placed in the 
further publications. 
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